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ABSTRACT 

We discuss a subroutine package for solving the eigenproblem of 

bisymmetric Toeplitz matrices. When the eigenvalues and eigenvectors of a 

bisymmetric Toeplitz matrix are computed storage requirements and execution 

time are reduced by taking advantage of the special structure of the matrix. 
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INTRODUCTION 

An n-th order real symmetric matrix M=(Mjl<) for which 

( 1) 

is called a oisymrnetric Toeplitz matrix. Bisyrnmetric Toeplitz matrices arise, 

for example, as correlation matrices in tne study of discrete stationary 

random processes. Each element of the correlation matrix is a function of 

j-1<; that is, 

M. k J- = Mk . -J 

(e.g. Mjk = cos(j-k)c, where cis a real number.) 

In [1], using the oisymmetry of matrix M, Goldstein snows that the 

eigenvalues and eigenvectors of matrix M can be computed from two real 

symmetric matrices one-half its size, if it is of even order. In this 

memorandum, we provide a FORTRAN subroutine package that is an implementaiton 

of this reduction. By using this package, one reduces both computer time and 

storage ordinarily needed to calculate the eigenvalues and eigenvectors of 

oisymmetric Toeplitz matrices. 
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ALGORITHM 

The sub-program package in the Appendix computes the eigenvalues and 

(optionally) the eigenvectors of an even order, n, real symmetric matrix M, 

whose coefficients satisfy Eq. (1), from two real symmetric matrices: 

M-.k(+) = M·k + M· +1 k = M-k.(+) J J J,n - J ( 2) 

( k=1, ••. , n/ 2; j=1, ••• , k) 

(3) 

one-half the size of matrix M, by [1, 2]. 

The matrices M-(+) and Mr(-) are computed from the first row elements of 

matrix M. For example, by Property (1), Formula (2) reduces to 

M-jk(+) = M1,k-(j-1) + M1,n-(k+j)+2 (4) 

k=1, ••• , n/2; j=1, ..• , k 

where addition of the coefficients of the first row of matrix M is replaced by 

subtraction when computing M-(-). 

6 
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Forming M-(+) first, the subroutine package calculates the eigenvalues 

and (optionally) the eigenvectors of M-(+). Then M-(-) is formed and its 

eigenvalues and (optionally) eigenvectors are computed. 

The eigenvalues and eigenvectors of matrices M-(+) and M-(-) determine 

the eigenvalues and eigenvectors of matrix M. If z is an eigenvector of M-(+) 

with corresponding eigenvalue d, and J is tne identity matrix of order n/2 

with its columns written in reverse order, then 

[ z J [ z J 

M [ ] = d [ ]. ( 5) 

[Jz ] [Jz ]. 

Similarly, if z is an eigenvector of M-(-) with corresponding eigenvalue d, 

tt1en 

[z] [z] 

M [ ] = d [ ]. ( 6) 

[-Jz] [-Jz]. 

7 
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STORAGE CONSIDERATIONS 

Note that in (5) and (6), since premultiplying a vector by matrix J just 

reverses the order of the vector's components, all the information about the 

eigenvectors of matrix M is given by the eigenvectors of matrices M-(+) and 

M-(-); therefore, only n/2 of the components of each eigenvector of matrix M 

have to be stored, and a fortiori, only n**2/2 entries (instead of n**2) are 

required to store all the eigenvectors of matrix M. 

Furthermore, since the eigenvalues and eigenvectors of M-(+) are computed 

independently of those forM-(-), matrices M-(+) and M-(-) may share the same 

storage area for a matrix of order n/2. Therefore, the reduction requires a 

maximum of (3/4)n**2 + n storage locations to accomodate the matrices M-(+), 

M-(-) and their eigenvalues and eigenvectors, instead of the 2n**2 + n 

required when the eigensystem is solved directly from matrix M. In 

particular, only (1/4)n**2 + n storage locations are used to accomodate M-(+) 

and M-(-) and their eigenvalues, if only the eigenvalues of matrix M are 

required. 

TIMING 

Computational results indicate that the eigenproblem for a large matrix M 

can be solved by computer at least four times faster this way than directly 

from matrix M. For example, the following table gives representative 

execution times (in seconds) to compute the eigenvalues of bisymmetric 

Toeplitz matrices of orders 16, 32, 64, 128, 256 by the reduction SUBROUTINE 

8 
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MATRED (in the Appendix) and directly by the IMSL library SUBROUTINE EIGRS [3] 

on the VAX 11/780 in double precision arithmetic. 

Order ( n) MATRED (using EIGRS) EIGRS 

16 • 03 .07 
32 .13 .38 . 
64 • 73 2.64 

128 4.97 21.00 
256 38.53 248.63 

The f o 11 owing tab 1 e gives representative execution times (in seconds) for a 

single precision version of SUBROUTINE MATRED and a single precision version 

of EIGRS on the UNIVAC 1100/62:* 

Order (n) Single Precision MATRED Single Precision EIGRS 

16 .02 .05 
32 .10 .33 
64 .60 2.24 

128 4.08 16.76 
256 30.16 129.04 

* Since only a single precision version of EIGRS is available in the IMSL 

library on the UNIVAC, the UNIVAC version of MATRED is single precision. 

9 
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In multi-program computer environments, variations in the execution 

time of a program can occur due to differences in machine load. Therefore, in 

order to smooth out these variations, subroutines MATRED and EIGRS were run a 

number of times on different matrices of order n and the average execution 

time for each order was recorded in the tables. 

USER PROCEDURE 

The calling sequence of SUBROUTINE MATRED (double precision version) 

is defined in its commentary in the Appendix. The relocatable code, 

MATRD.OBJ, is in the VAX 11/780 directory [MJG] on node 2. The UNIVAC single 

precision version of SUBROUTINE MATRED is in the UNIVAC 1100/62 (node 2) file 

MGOLDSTN*MATRD and has the element name MATRD. It•s calling sequence is the 

same as the double precision version on the VAX, but none of the arguments in 

the sequence are double precision. 

SUMMARY 

A subroutine package for computing the eigenvalues and (optionally) 

the eigenvectors of a bisymmetric Toeplitz matrix is available which reduces 

storage requirements and execution time by taking advantage of the special 

structure of the matrix. In particular, if only the eigenvalues of the matrix 

are required storage requirements for arrays and execution time are reduced by 

75%when the matrix is sufficiently large. 

10 
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100 
200 c 
300 c 
400 c 
500 c 
600 c 
700 c 
BOO c 
900 c 

1000 c 
1 1 uo c 
1200 c 
1301) c 
1400 c 
'500 c 
1600 c 
1700 c 
1800 c 
1900 c 
2000 c 
:!100 c 
2200 c 
.!300 c 
:!400 c 
:!500 c 
.!GOO c 
.!. 7t.)U 

<:HOD c 
.:90 c 
j )[j c 
:J 11JO c 
jLUO r: 
jJI)(I 

:140 - c 
35L0 c 
3600 c 
:noo c 
3800 c 
3900 c 
4000 c 
4100 c 
4200 c 
4jl]tJ c 
4400 c 
4501] c 
4600 l 
4700 c 
4800 c 
490U c 
5000 c 
5100 c 
5200 c 
5:300 c 
5400 c 
5500 c 
5600 c 
')7UU c 
5dll0 c 
590Ll c 
blJOO c 
() 1 UIJ c 
6201] c 
6300 c 
6400 c 
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SUBROUTINE MATRED(IVEC,MR1 ,N,IFULST,MTILFL,IF UL,MTILSY,D,Z,IZ,WK) 
****************************************•··············•••********** 

A SUBROUTINE PACKAGE FOR THE EFFI CIENT SOLUTION 
OF THE EIGENPROBLEM OF REAL SYMMETRIC TOEPLITZ MATRICES 

BY 

MARVIN GOLDSTEIN AND WILLIAM BABSON 

••• THIS SUB-PROGRAM PACKAGE COMPUTES THE EIG ENVALUES AND *** 
•••(OPTIONALLY) THE EIGENVECTORS OF AN EVEN ORDER (n) REAL SYM- **• 
***METRIC TOEPLITZ MATRIX : •+• 

M M ( 1 J 
jk j+l,k+1 

M 
k j 

•••FROM TWO REAL SYMMETRIC MATRI CES: 

M-(+J M + M M- ( +) (2) 

j k jk j,n+l-k k j 

( k = 1 ' 11/2; j = 1 ' .... k) 

M- ( - J M M M- (-) (3) 
j h j k j , • ,.,. I- k k j 

•••ONE - MALF TME :O,IZE OF MATRIX M. BY 11. L I . 

••• TME MATRICES M-(+J AND M-(- ) CAN BE COMPUTED FROM THE *** 
•••FIRST ROW ELEMENTS OF MATRIX M. FOR EXAMPLE, BY PROPERTY (I) ,*** 
• • • FORMULA ( 2] REDUCES TO * * * 

M- (+] 

j k 

M + M 
1 ,k-(j-1) 1,n-(k+j )+2 

M- ( + J 
k j 

k = 1 ' 

( 4) 

n/2: j=1, .... k 

•••wHER E ADDITION OF THE COEFFICIENTS OF THE FIRST ROW OF MATRIX *** 
•••M I~ REPLACED BY SUBTRA CTION ~HEN COMPUTING M-( - ). *** 

••• !F z IS AN EIGENVECTOR OF M-(..-1 wiTh CORRESPONDING EIGEN-* 0 * 
H* •/ALLIE cl, AND J IS TME IDENTITY MATR!,<; OF ORD ER n/2 wiTH ITS ••• 
•••COLUMNS wRIT TEN IN REVERSE ORDER, THEN 

I z 
M I 

IJz 

I z I 
u I ]. 

IJz 1 
( 5) 

•••SIMILARLY, IF z IS AN EIGENVE CTOR OF M- ( - ) wiTH CORRESPONDING *** 
*•*EIGENVALUE d, THEN 

z I 
M I I 

[ -Jz I 

l z I 
u I I. 

1-Jzl 
(6) 

••• COMPUTATIONAL RESULTS SM OW TMAT TME EIG ENP ROBLEM FOR *** 
•••A MATRI X THAT SATISFIES ( 1) CAN aE SOLVED BY CO MPUTER AT LEA~ T ••• 

***FOUR TIME S FA STER THI S WAY THAN BY SOLVING THE EIGENP RUBLEM ••• 
***DIRE CTLY FROMM FOR LARGE VALUES OF n . *** 



6500 c 
6600 c 
6700 c 
bBOO c 
b900 c 
70 00 c 
7100 c 
7'L ' 
7300 c 
741)0 c 
75LO c 
7bUu c 
77U O c 
700 ~ c 
7900 c 
blli)u c 
HIIJO c 
s::uo c 
8300 c 
d4{)l c 
8500 c 
i:ltJOIJ c 
5700 c 
8800 c 
8900 c 
LJOO O ( 

S I OIJ c 
9200 c 
'J300 c 
9400 c 
95UU c 
9600 c 
9700 c 
9HOO c 
9900 c 

10000 c 
10100 c 
10200 c 
10300 c 
10400 c 
10500 c 
10600 c 
10700 c 
1U BOO c 
10900 c 
I 1000 c 
I I I 00 c 
~ , 21] 0 c 
I 1300 c 
1 1400 c 
11 5 00 c 
11600 c 
I 1 700 c 
I I ROO c 
11 9 00 c 
1 :! 000 c 
1/.100 c 
1 2200 c 

12300 c 
12400 c 
12500 c 
12600 c 
1 27 00 c 
12800 c 
12900 c 
13000 c 
13 100 c 
13 200 c 
I :)3 00 c 
134()0 c 
13500 c 
1360 0 c 
13700 c 
I .HlOO c 
1:.J9U u c 
1 40CJCJ c 
14100 c 
14:C0 u c 

r~., ~nnn 

*** FURTHERMORE, SINCE THE EIGENVALUES AND EIGENVECTORS OF *** 
***M-(+) ARE COMPUTED INDEPENDE NTLY OF THOSE FOR M-(-). ONLY *** 
•••A MAXIMUM OF (3/4)n*•2 + n ST ORAGE LOCATI ONS ARE USED TO AC- *** 
**•COMODATE THESE MATRICES, THEIR EIGENVALUES AND EIGENVECT ORS, *** 
***INSTEAD OF 2 n **2 + n WHEN THE EIGEN VALUES AND EIGENVE CTORS ARE*•* 
***EVALUAT ED DI REC TLY FROM THE OR IGINAL MATRIX M. IN PARTICULAR, *** 
***ONLY (1/4)n**2 + n LOCATI ONS ARE USED INSTEA D OF n**2 + n TO *** 
**•ACCOMOCJATE THE~E MATRICE~ AND THEIR EIGEN VA LUES, IF ONLY TH E *** 
***EIGENVA LU ES OF MATRIX M ARE REQUIRED. *** 

*** THE VB-PR OG RAM PACKAGE ON~!STS OF SUBR OUTINES MAT RE D, *** 
***MTLSYM, MTLFU L . A ">LJBR(lliTit'E THAT SOLVE~ THE EIGENPROBLEM *** 
***OF A REAL S YMMETRIC MATRI X IS RE0UIRED. IN IMPLEMENTING, SUB -••• 
•••ROuTINE MATRED, WE U ~ E THE !MSL LIBRAR Y ROUT INE EIGRS 13 1 TO ••• 
***SOL vE THE EIG ENPROB LEM S OF M-( +1 AND M-( -) : HOWEVE R , ANY OT HER••• 
••• ROU TIN E THA T LlJMPu TES TH E E' IGENVO.LlJE :O. AND \OPTIO NALLY) THE El - * 0 * 
***GENVECTOR~ OF A REAL ~YMMETRI(" MATRIX MAY BE USED. •** 

*** SINCE ROUTINES THAT SOL VE THE EIGENPROBLEM OF A REAL SYM- *** 
***METPIC MAT RIX REQuiRE THAT TH E MATRIX BE S TOR ED IN EITHE R ••• 
•••SYMMETRI STORAGE MUDE (LOW ER TRIANGLE STORED AS A ONE DI MEN- *** 
••• S IONAL ARkO.Y IN ROw UR CJ Ek) OR FULL STORAGE MODE, TwO SUBRO J - ••~ 

*** T INE S ARE PROVIDED FUR ?HIS PURPOSE. SUBROUTINE MTL S YM WI LL •** 
••• COMPU TE M-1• AND M- ( - ) IN SYMMET R I C S TOR AG E MOD E , WHILE SUB- ••• 
••• T IN E MT LFUL WILL COMPUTE TH EM IN FULL S TORAGE MODE. • •• 

REFERENCE S 

***I. GOLDSTEIN MARVIN, REDU CT ION OF TH E E!GENPROBLEM FOR HER - ••• 
~**MIT!AN PERSYMME TRIC MATRICES, MATH. COMP., v .3~. JAN . l9 74 ~•~ 

H 0 2 . GO LD'> TEIN MARVIN, "FURTHER DE CO MP OS ITI ON OF THE PSEUDOI N- ••• 
*'*VER ~E AN D EIGEN S YS T EM OF A HERMITIAN P ERSYMM ETRI C MA TR IX ," ACM*' * 
***SIGNUM NE-N")LETTER, V. 13, NO . 1, MAR CH 1978 . *..,* 

***3. "E IGR S, " IMSL LIB RARY FOR VAX - 11 /7 80 , EIGTH ED ITI ON, 19B IJ .*" 

- > INPUT VARIAB LES FROM CA L LI NG PROGRAM: 

MRI DOUBLE PREC I S ION REAL VE CTOR OF AT LE AS T LENGTH N IN THE 
CA LLING PROGR AM CO NTAINI NG FI RS T ROW OF MA TRI X M. 

N IN TEGER VARIABLE - ORDER OF MAT R I X M 
IFUL S T INTEGER VARIABLE SW!f CH - SET TQ ZERO I F M-(+) OR M- 1 -) I S 

STORED IN SYMMETRIC STORAG E MODE BY E I~R:O. : S ET TO ONE IF 
FULL STORAGE MODE. . 

MTILFL DOUB LE PREC I S I ON REA L , TwO DIMEN~!ONAL SCRA TCH AR RAY OF ORD ER 
IFUL, WH ICH HOLDS M-(+) OR M- (-J IN F ULL STOR AGE MODE. 

! F UL INTEGER VARIABL E - SE T T O ONE - HALF THE DI MEN S I ON OF MR 1 
IN THE CA LLIN G PROGRAM IF IFUL S T = 1 : S ET TO I IF IFUL S T=U. 

MTIL S Y DOUBLE PRECISION REA L SCR AT CH VEC TOR DI ME NS I ONED AT LEAS T 
( (N* 0 2 + 2* N)) /8 IN CALL I NG PROGRAM TO HOLD M- {+) OR 
M-( - ) IN SYMMETRI C S TORAGE MODE IF IFUL ST=O : IF IFUL S T = l 
THI S VECTOR S HOULD BE DI MENSIONED LENG TH ONE IN THE CA L
L ING PR UGRAM. 

IV EC 

I Z 

D 

z 

INTEGER VARIAB L E . I F I VEC I S ZE RO, TH EN ONLY EIGENVALU ES 
WILL BE COMPU TED: IF ONE, THEN EIGENVECT ORS AL SO . 
INTEGER VARIAB LE - ROW DIME NS ION OF Z ARRAY IN CA LLIN G PRO
PR OGRAM THAT HOLD S EIG ENvEC TORS OF M-(+ ) AND M-(- ). IZ IS 
ONE- HALF TH E DIMEN S I ON OF MRI IN THE CA LLING PROGRAM IF IVE C= 
1: OTHERw i S E, I Z I S ONE , 
DOUBLE PREC I S ION WORKSPACE VECTOR OF AT LEA S T LEN GTH N. 

- ~OUTPUT TO CA LLING PROGRAM: 

DO UBLE PRE CI S ION REAL VEC TOR OF AT LEA S T L ENGTH N 
IN THE CA LLING PROGRAM, wH I CH HOLDS THE E I GENVA LU ES OF 
MAT R IX M. 
DOUBLE P REC I S ION MATRI X OF I Z ROW S AND 2* I Z COLUMN S I N 
THE CAL LIN G PRCuRA M. v tHROL I S RETURNE D TO THE INVOKING 
PR OGRAM wiTH THE E I GENvE CTOR ~ OF M- (+) IN CO L UM NS 1 ... . , N/2 
OF MATRIX Z . AN D TH E E I GENVEC TOR S OF M-( - ) IN COLUMN S 
N/ 2+ 1 .. . . , N. WITH COR RE Sf.-UNDING E I GENVA LUES It• VECTOR 0 . 

< ::.. < > < > < ;.. < > < :. <. ,. • / ' > ...: ""' <.. ). <._ ~ ..._ .• < / .... ;. < > " ::,.. ... .. " > < .. <. • < ... <. > < > < > < > < > < "> < > < > < > < .. <. > ..._ _ ... 
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14:JU U 
144 00 
I 45) ) 
I 460U 
14700 
1-HJUIJ 
14900 
15000 
'5100 
I 'i LI)O 
1'jj() Q 
15400 
15500 
15b00 
1570 0 
'5800 
1:,900 
'601)0 
16100 
16:?00 
1fi:JOO 
1 u4rJO 
1b5UO 
1o600 
16 700 
16800 
16901) 
17000 
17100 
17 200 
17 300 
17400 
17500 
1760b 
17700 
178UU 
17900 
18000 
18 10 0 
18200 
18300 

18400 
18500 
18600 
18700 
18800 
18900 
19000 
19100 

14 

( 

c 
c 
c 

c 
c 
c 

c 
c 
c 
c 
c 

c 

c 

c 
c 
c 
c 
c 
c 
c 
c 

c 

c 
c 

c 

c 

10 

:<u 

30 

40 

+ 

I NT E G E R ~' , I E R , I F U L S T , I F U L , I Z , I v E C , t' D I V 2 . I P 0 1 NT 
DOUBLE PRECISI ON MR1 ,MT!LFL.M T!LSY,D,Z,wK,S!GN 
D I MENS I UN MR I I I I • MT I LF- L I I FUL, 1 ) , MT l L S Y ( I ) , 0 ( 1 ) , Z ( I Z, I ) , WK ( 1 ) 

UMPUTE ORDER OF REDUCED MATRICES 

NO! V L ~N / l 

~ E T S IGN TO COMPUT E M-(•) 

~!GN = I.ODO 

DO 411 I~ I , .! 

FIRST TIME THRU LOOP SOLVE ElGEN
PROBLEM FOR M-(•); SECOND TIME FOR 
M- ( -) 

!PO!NT~(I-1 ) 0 NDiv2•1 
If(!FULST.LT.1)GO TO 10 

GO TO 20 
THEN COMPUTE USING SYMMETRIC STORAGE MOD E 

CALL MTL SYM(NO!V2,MR1 ,MT!LSY,S!GNJ 
CALL E I GR S l MT I LS Y , ND I v L., I ·.; EC , D ( I PO IN T ) , Z ( 1 , I PO I NT) , I Z, WK, IE R 

) 

GO TO 30 
ELSE COMPUTE USING FULL STOR AGE MODE 

!VE C= I VEC •I U 

S !NLE !MSL ROUTIN E E!GRS REQUIRE S 
THAT MT!LFL BE EXACTLY N/2 BY N/ 2 
THE fOURT H ARGUME NT I N THE MTLFL 
CALL HAS BEEN REPLACED BY NO!V2. 
RE S TOR E THIS ARGUMENT TO !FUL IF 
REQUIRED BY AN EIGENVALUE ROU TINE. 

CA LL MTLfUL(ND!V 2,MR 1 ,MT!LFL,ND!v2,S!GN) 
CA LL EIGR S (MTILFL,ND!V 2 ,I VEC,D( !PO!tH) ,Z( 1 ,!POINT) ,!Z,wK,!ER 

) 

CO NT I NUE 

SET SIGN TO COMPUTE M-(-) 

S !GN ~- 1. 0 DO 

CO NTINUE 

RETURN 
END 



19200 
19300 
19400 
19500 
19600 
1971)0 
198lJO 
19900 
20000 
2010li 
:<0200 
:<030U 
20400 
20500 c 

c 
c 
c 
c 
c 
c 
c 

c 

~0600 

20700 
20HOO 
20900 
21000 
21 1 uo 
21200 
21300 
21400 
L. 1 5 0Ll 
~lbOO 

217UU 

c 

SUBROUTINE MTL5YM(NDIV 2 ,MR1 .MTI LD A,SIGN) 

*** THIS SUBROUTINE RETURNS M-(+) OR M-(-) STORED IN 
***SYMMETRIC STORAGE MODE IN THE ONE-DIMENSIONAL, DOUBLE 
***PRECISION ARRAY MTILDA. M-(+) AND M-(-) ARE COMPUTED 
•••FROM THE FIRST ROW OF MATRIX M, NAMELY MR1, WHEN SIGN 
H*IS +1 AND -1, RESPECTIVELY. 

INTEGER I, J,K,NDIV2,N,L1,L2 
DOUBLE PRECISION MR1,MTILOA ,SIGN 
DIMENSION MR1( 1) ,MTILDA( 1) 

N=NOIV2*2 

1= 0 
DO :<U K=1 ,ND!V2 

DO 10 J = 1 , K 
I= I+ 1 
L1=K-J+1 
L2= N+ 2 -K-J 
~HI LOA ( I ) = MR 1 ( L 1 ) +MR 1 ( L 2 ) * S 1 GN 

10 CO NTINUE 
2 11 CONTINUE 

RETURN 
END 

SuBROUTINE MTLFUL(N0I'J:t,~1R1 ,MTILDA, IFUL ,~ IGN) 

••• ... 
••• 
*** 
*** 

2 1800 
21900 
22000 
22100 
22;!00 
;.:2300 
:!~ 40U 

2L5lJU 
22600 
22700 
2 2b0U 
22900 
23000 
2J 100 
23200 
23300 
23400 
:!3 .500 
23600 
23700 
23600 
23900 
24000 
24100 
24 2lJ lJ 
24 300 

c ******************************~************************•~~··· 
C *** THIS SUBROUTINE RETURNS M-(+) OR M-(-) STORED IN *** 
C ***FULL STORAGE MODE IN THE TWO-DIMENSIONAL, DOUBLE PRE - *** 
C ***CISION ARRAY MTILDA. M-(+) OR M- ( - ) ARE COMPU TED FROM**• 
C ***THE FIRST ROW OF MATRIX M, NAMELY MR1, WHEN SIGN IS *** 
C ***+ 1 AND - 1, RESPECTIVELY . *** 
c *****~*f**********~********~·····~····~·~~··········~~·····~· 
c 

c 

c 

c 

INTEGER N,NDIV2,l,IFUL, J ,K,L1,L2 
DOUBLE PRECISION MR1,MTILDA. ~I·N 

DIMENSION MR 1 ( 1) ,MTILDA( !FUL , 1 J 

N=NDIV2*2 

DO 20 K= 1 ,NOI V2 
DO 10 J=1,K 

L 1=K-J+ 1 
L2 =N+2-K - J 
MT I LOA ( J, K) =MR 1 ( L 1 J +MR ! ( L ~) • S IGN 
MTILDA (~ . J)=MTILOA( J ,K ) 

10 CONTINUE 
20 CONTINUE 

RE TURN 
END 

TM ~3.11172 

lS 
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